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Abstract. 

^ By means of Peres-Schlag's method we prove the existence of real numbers a, /5 such that 
§: lhnmf{qlog'q)\\aq\\\\Pq\\>0 

o 

o 

^ " I' 1. The famous Littlewood conjecture suppose that for any two real numbers a,f3 one has 

liminf g| |ag| I I I = 

^ : 

■ (here || ■ || denotes the distance to the nearest integer). 
This conjecture is obviously true for almost all (in the sense of the Lebesgue measure) pairs 

(a,/?) e M?. Moreover, from Gallagher's theorem (see [T]) we know that for almost all one has 

■ liminf(glog^ g)||ag|| = 0. 

■ Here we prove the following result. 

. Theorem 1. There exist real numbers a, (3 such that 

liminf(glog^ g)||ag|| \ \(3q\ \ > 0. 
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Our result is based on an original method of constructing badly approximable numbers invented by 
Y. Peres and W. Schlag in [2]. This method was recently applied by the author to several Diophantine 
problems [3j-[6j. In the sequel we suppose that we deal with the dyadic logarithm log a; = log2a;. 
2. In this section we prove an elementary lemma dealing with the sum 



X 



a{a; q,Q) - ^ ^ • 

^-^ \ \ax\ \ xlogn X 

x=q " " 

We take a G M to be a badly approximable number. This means that with some positive 6 < 1 one 
has 

inf q\ \aq\ I ^ S. (1) 



Lemma 1. Let p\) holds. Then for any natural numbers Q > q one has 



a{a-q,Q) ^ 2'6-' ( log^ ( ) +log2(l/<5) 
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Proof. For natural /i, v define 

A^,^^ = {x G N : 2^^ ^ X < 2'^+\ 2'^-^ < \ \ax\ \ ^ 2"'^}. 
As for 2^^ ^ X < 2"+^ from ^ follows 

62-''-^ < \ \ax\ \ ^ 2-\ 

we see that 

z.+i+riog2 (1/5)1 

{xEN: 2" ^x< 2"+^} = y A^,^. 

Now 

[logaQl 2''+i-l [logaQl i^+l+Roga (1/5)1 ^ 

a(a;g,Q)^ ^ ,, n , 2 = E E E 11 11 1 2 ^ 

[logjoi i.+i+riog2(v<5)i 

^ E E 2^-''+V-2card(A^,,). 



Note that 
We have 



card(A^,^) ^ card({x G N : x < 2^^+^ ||ax|| ^ 2"^}) = I 



[logaQl z.+l+riog2 (1/5)1 

a{a;q,Q)^ £ 2^-^^+^-%,,. (2) 

The value of ,y is bounded by the number of integer points in the region 

n = {{x,y) eR^ : 0^x<2'^+\ \xa - y\ ^ 2-''} . 

Obviously the Lebesgue measure of fl is equal to mesf2 = 2'^^^^^. 

Let there exists an integer primitive point (po;Cto) ^ ^ (otherwise J^ ,^ = 0). From ([T]) we deduce 

Sp^'^\\poa\\^2-'^ 

and po ^ '^2'^. Now we consider two cases. 

In the first case we suppose that {po,ao) is the unique primitive integer point in fl{p). Then 

J^,, ^ [S'^+VpoJ + 1 ^ 2-'-''+^5-\ 

In the second case the convex hull of all integer points in the region fl) is a convex polygon 11 
with integer vertices. According to Pick's formula the number I^^i^ of integer point in the polygon 11 
is not greater than GmesII and so 

J^,^ ^ 6mesn ^ 6mesfi = 12 • 2^"^. 

In any case 

Z^,. ^ 2''-^+'5-\ (3) 
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Now we substitute ([3]) into (JS]) and obtain 



/ riog2Qi 



\u= [log2 q\ 



1^= Liog2 aJ 

^ 2^5-1 ( lot 



+ log2(l/5) 



and Lemma 1 is proved. 

3. In this section we (following Y. Peres and W. Schlag p]) construct "dangerous" sets of reals. 
Let e be positive and small enough. For integers 2 ^ x,0 ^ y ^ x define 



E{x,y) 



y 



X loKo x' X I laxl logo x 



V 

- + 



e 



2 1^^2, 



2 J 



E{x) = {jE{x,y){\QM (4) 

y=0 



Define 



k = 0, I, = [\og^{\\ax\\xHoglx/2e)\, xeN. (5) 
Each segment form the union Ea{x) from (IH) can be covered by a dyadic interval of the form 

Let be the smallest union of all such dyadic segments which cover the whole set E{x). Put 

A'^{x) = [0,l]\A{x). 

Then 

A'{x) = [jl, 

where closed segments Ii, are of the form 

a a + 1 



2'^ ' 2'^ 



a G Z. 



(6) 



We take go to be a large positive integer. In order to prove Theorem 1 it is sufficient to show that 
for all g ^ go the sets 



x=qo 



are not empty. Indeed as the sets Bq are closed and nested we see that there exists real /? such that 

One can see that the pair satisfies the conclusion of Theorem 1. 
In the next section we prove the following statement. 

Lemma 2. Suppose that e is small enough. Then for go large enough and for any 



gi > go, g2 = g?, gs = g2 



3 



the following holds. If 

mesBg^ ^ mesBgj2 > (7) 

then 

mesBg^ ^ mesi?g2/2 > 0. (8) 

Theorem 1 follows from Lemma 2 by induction as the base of the induction obviously follows from 
the arguments of Lemma's proof. 

4. In this section we prove Lemma 2. Here we also follow the arguments from the paper [2] by 
Y. Peres and W. Schlag. First of all we show that for x ^ where q ^ qo one has 

(Eg n A{x)) ^ ,^ ^ 2 X mes5,. (9) 



mes 



Indeed as from ([5]) it follows that 

h^l= Llog2(g^ logs ?/^)J , Vx ^ g 



we see that Bg is a union 



with Jy of the form 



U = l 



a a + 1 



a G Z. 



Note that A{x) consists of the segments of the form ([6]) and for x ^ q^ > 2'+^ (for go large enough) 
we see that each Jy has at least two rational fractions of the form -, inside. So 



2^8 

\ax\ \ X logs ^ 



mes(J,, n A{x)) ^ — — — x mesJ,,. (10) 



Nof (19]) follows from ( iTOl) by summation over 1 ^ z/ ^ Tg. 
To continue we observe that 

(93 
U 
x=q2 + l 

and hence 

93 

mesBq^ ^ mes-Bg2 — m.es{Bq^ fl A{x)). 

x=q2 + l 

As 

5,2nA(x) C5,, nA„, (a;) 

we can apply ([9]) for every x from the interval qf ^ q2 < x ^ q^. 

2% 2^5 

mes(i?q2 n A{x)) ^ mes(i?qj fl v4(a;)) ^ 5 — ^ mes-B^^ ^ 5 — ^ mes-B^j 

I |q;x| I X logs x I |a;x| I X logs a; 

(in the last inequality we use the condition dT]) of Lemma 2). Now as |^|^ = 3 the conclusion (l8|) of 
Lemma 2 follows from Lemma 1 for e small enough: 

mesBq^ ^ mesi?52 (l - 2^£a{a; gs + 1, + 1)) ^ 
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